Numerical methods of chaos detection

Haris Skokos

Nonlinear Dynamics and Chaos (NDC) group
Department of Mathematics and Applied Mathematics
University of Cape Town
Cape Town, South Africa

E-mail: haris.skokos@uct.ac.za haris.skokos@gmail.com
URL: http://math_research.uct.ac.za/~hskokos/

31stSummer Schooli Conference on Dynamic Systems and Complexity
10 July 2025,University of Thessaly, Lamia, Greece

WW%[& e = d ‘?

SN




Outline

A Dynamical Systems
V Hamiltonian modelsi Variational equations
V Symplecticmapsi Tangent map

A Brief presentation of chaos detection methods

A Chaos Indicators

V Lyapunov exponents

V Smaller ALignment Index i SALI
A Definition
A Behavior for chaotic and regular motion
A Applications

V GeneralizedALignment Index i GALI
A Definition - Relation to SALI
A Behavior for chaotic and regular motion
A Application to time-dependent and dissipative models

A Chaos diagnostics based oagrangian descriptors (LDs)

A Summary



Autonomous Hamiltonian systems

Consider an N degree of freedom autonomous
Hamiltonian systemhaving a Hamiltonian function of the

form: positions momenta
A A
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The time evolution of an orbit (trajectory) with initial
condition

P(0)=(c,(0), a,( 0 ) gu(®), p,(0), p,( 0 ) BN(©))
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Variational Equations

We use the notation x = (94,0, ,dn.P1,P»€ py)'- The
deviation vector from a givenorbit is denotedby

v =, (40w X", with n=2N

The time evolution of v is given by
the sacalled variational equations:
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Benettin& Galganj 1979, in Laval an&ressillon(eds.), ogit, 93



Symplectic Maps

Consider an 2N-dimensional symplectic map T. In this
casewe havediscretetime.

The evolution of anorbit with initial condition
P(0)=0%(0), %( 0 ) ,\D)) X

IS governedby the equationsof map T
PGi+1)=TP@ ,i=0, 1, 2, &

The evolution of an initial deviation vector

vV (0) (=0)(U0xi x £(0)) U X
IS given by the correspondingangent map
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Chaos detection technigques

A Based on the visualization of orbits
V Poincaré Surface of Section (PSS)
V the color and rotation (CR) method
V the 3D phase space slices (3PSS) technique



Poincare Surface of Section (PSS)
/

We can constrain the study of an N+1
degreeof freedom Hamiltonian system

to a 2N-dimensional subspaceof the L
generalphasespace R
In this sensean N+1 degreeof freedom
Hamiltonian system correspondsto a
2N'dimen8i0na| Symp|eCtiC map. Lieberman & Lichtenberg, 199Regular and Chaotic
Dynamics Springer.
0.5
~» Chaotic
motion
The 2DHénon-Heiles system:
y 0.0
Hy = l(p2 +p2) + l('132 +y°) + 2’y — 12;3
o Y 2N - o 3 \ Regl.“ar
motion
0.5

-0.5 0.0 0.5



The color and rotation (CR) method

For 3 degreeof freedom Hamiltonian systemsand 4 dimensional symplectic
maps

We consider the 3D projection of the PSSand use color to indicate the 4%
dimension

X —-0.1

Katsanikas & Patsis, Int. J. Bif. Chaos (2011)



The 3D phase space slices (3RPSS)
technique

For 3 degreeof freedom Hamiltonian systemsand 4 dimensional symplectic
maps

We considerthin 3D phasespaceslicesof the 4D phasespace(eg. |p,| OU)
and presentintersectionsof orbits with theseslices

Richter et al., Phys. Rev. E (2014)



Chaos detection technigques

A Based on the visualization of orbits

V Poincaré Surface of Section (PSS)

V the color and rotation (CR) method

V the 3D phase space slices (3PSS) technique
A Based on the numerical analysis of orbits

V Frequency Map Analysis

V 0-1 test



Frequency Map Analysis

Create Frequency Mapsby computing the fundamental frequencies of orbits.

Regular motion: The computed frequencies do not vary in time

Chaotic motion: The computed frequencies vary in time

Frequency Maps — Boxes
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Steier et al., Phys. Rev. E (2002)

Papaphilippou & Laskar, Astron. Astrophys. (1998)



Chaos detection technigques

A Based on the visualization of orbits
V Poincaré Surface of Section (PSS)
V the color and rotation (CR) method
V the 3D phase space slices (3PSS) technique

A Based on the numerical analysis of orbits
V Frequency Map Analysis
V 0O-1test
A Chaos indicators based on the evolution of deviation vectors from
a given orbit
V Maximum Lyapunov Exponent (MLE)

V Fast Lyapunov Indicator (FLI) and Orthogonal Fast Lyapunov
Indicators (OFLI and OFLI2)

Mean Exponential Growth Factor of Nearby Orbits (MEGNO)
Relative Lyapunov Indicator (RLI)

Smaller ALignment Index 7 SALI

GeneralizedALignment Index T GALI
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Maximum Lyapunov Exponent (MLE)

Chaos: sensitive dependence on initial conditions.

Roughly speaking, the MLE of a given orbit characterizes thenean exponential

rate of divergenceof trajectories surrounding it.

Consider an orbit in the 2N-dimensional phase space witmitial condition x(0)
and an initial deviation vector (small perturbation) from it v(0).

Then the mean exponential rate of divergence is:
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Figure 5.7. Behavior of o , at the intermediate energy E = 0.125 for initial points
taken in the ordered (curves 1-3) or stochastic (curves 4-6) regions {after Benettin

et al., 1976).



The
Smaller ALignment Index
(SALI)
method



Definition of the SALI

We follow the evolution in time of two different initial
deviation vectors (v,(0), v,(0)), and define SALI [S., J.
Phys A (200 7 S. & Manos, Lect. NotesPhys (2016] as

SALI L V0 410t 7 At o T |
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When the two vectorsbecomecollinear

SALI (t) Y O




Behavior of SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincide with the direction defined
by the maximum Lyapunov
exponent
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Behavior of SALI for chaotic motion
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Behavior of SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to v, (1)
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Behavior of SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincide with the direction defined
by the maximum Lyapunov /.. P

e

exponent (1)

v, (D)
SALI(t)

P() El (1)

Trajectory



Behavior of the SALI for chaotic motion

We test the validity of the approximation|SALI® @ ¢ ¥ )9S. et al.,
J. Phys A (2004)] for a chaoticorbit of the 3D Hamiltonian
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Behavior of SALI for regular motion

Regular motion occurson a torus and two different initial
deviation vectors becometangent to the torus, generally
having different directions.
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Behavior of SALI for regular motion

Regular motion occurson a torus and two different initial
deviation vectors becometangent to the torus, generally
having different directions.




SALI T Hénon-Heliles system

As an example, we consider the 2Blénon-Heiles system:
7 (= =) (e ) e e

For E=1/8 we considerthe orbits with initial conditions;
Regular orbit, x=0, y=0.55, p,=0.2417, p,=0

Chaotic orbit, x=0, y=-0.016, p,=0.49974 p, =0

Chaotic orbit, x=0, y=0.01344p,=0.49982p =0

0.5 0F

log(SALI)
do

12 +

-16




SALI T Hénon-Heliles system

. Bl log(SALI) <-12
» N Bl -12 <log(SALI) < -8
-8 <log(SALI) < -4
-4 <log(SALI)




Applications I 2D map

T T [

Xi
X, = X,-nsin(x, +Xx,)

X1+X2

(mod 20 )

For3 6.5 we considertheorbits
regular orbit A with initial conditionsx;=2, x,=0.
chaoticorbit B with initial conditionsx,=3, x,=0. e

|
=S
T

log(SALI)

S, J. Phys A (2001



Behavior of the SALI

2D maps
SALI YO both for reqgul ar

following, however, completely different time rates which
allows usto distinguish betweenthe two cases

Hamiltonian flows and multidimensional maps
SALI YO for chaotic

SALI YcomnstOarfitor regul

c




The
GeneralizedALignment Indices
(GALIS)
method



Definition of the Generalized
Alignment Index (GALI)

SALI effectively measuresthe 6 a r & tn@parallelogram
formed by the two deviation vectors.
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Definition of the Generalized
Alignment Index (GALI)

SALI effectively measuresthe 6 a r & tn@parallelogram

formed by the two deviation vectors
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Definition of the Generalized
Alignment Index (GALI)

In the caseof an N degreeof freedom Hamiltonian systemwe
follow the evolution of k deviation vectors with 20 k 2N, and
define [S. et al., Physica D (2007] the Generalized Alignment

Index (GALI) of order K:

where

'?’I ("D

8

PO e

Note that GALI , (k=2) is equivalent to the Smaller Alignment
Index (SALI).



Behavior of the GALI,

Chaotic motion: GALI, (20 k2N) tends exponentially to zero
with exponentswhich involve the values of the first k largest
Lyapunov exponentsay, a, € , & :

¢ AE "l 8 “HI B

Regular motion: When the motion occurs on an N-dimensional
torus then the behavior of GALI , is givenby [S. et al., PhysicaD
(20071 S. etal., Eur. Phys J. Sp. Top. (2008]:
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Behavior of the GALI, for chaotic motion

N particles Fermi-PastaUlam-Tsingou (FPUT) system:
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S.etal., Eur. Phys J. Sp. Top. (2008

log(GALIs)

X e d

-10
-15
-20
-25

-30

boundary

-(,,)/In10
— (20 A
~(30,-0,-0,-5,)/In10

(b
"0 -0,)/In10 0

111111

-10

-15

-20

log(GALIs)

-25

-30

-356

-40

1000

800

condi1 t |

‘{t;'.‘fﬂ_
N -
\\ \ g 160,110 ]

T T T > ! i

(c) ]

-(601-02-03-04-05-66-67)”"10_
_(7(—,‘,@2.(;5-(7&;-(' C_~O. )/|l‘|10.

3 -0 -0,
"8 9

-(96,-6,-6.-6 -5.-5,)/In10

Aiosg 8 ~4=8 l

«(110,-0,-c,

-,)/In10

- \\ \ N, \NGALL 1
- \l ‘\ -

‘, \\
i 1 LI1o \\ ]
- GRLI GALI
GAL| . 12

L ! | 1
0 50 100 150

t

C



Behavior of the GALI, for regular motion

N=8 FPUT system

obe_.  GAL,  (b)]
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Global dynamics
AGALI , (practically equivalentto the useof SALI)

AGALI 3D Hamiltonian
Chaotic motion: GALI Y 0 Subspace g=p;=0,p,O0 f or
(exponential decay) 04

Regular motion:
GALIyz& constant |
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