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Autonomous Hamiltonian systems

Consider an N degree of freedom autonomous 

Hamiltonian system having a Hamiltonian function of the 

form:

H(q1,q2,é,qN, p1,p2,é,pN)

The time evolution of an orbit  (trajectory)  with  initial  

condition

P(0)=(q1(0), q2(0),é,qN(0), p1(0), p2(0),é,pN(0))

positions momenta

is governed by the Hamiltonôs equations of motion
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Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93

Variational Equations

We use the notation x = (q1,q2,é,qN,p1,p2,é,pN)T. The 

deviation vector from a given orbit  is denoted by

v = (ŭx1, ŭx2,é,ŭxn)
T , with n=2N

The time evolution of v is given by 

the so-called variational equations:
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Symplectic Maps

The evolution of an orbit with initial condition

P(0)=(x1(0), x2(0),é,x2N(0)) 

is governed by the equations of map T

P(i+1)=T P(i)  ,  i=0,1,2,é 

The evolution of an initial deviation vector 

v(0) = (ŭx1(0), ŭx2(0),é, ŭx2N(0))

is given by the corresponding tangent map
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Consider an 2N-dimensional symplectic map T. In  this 

case we have discrete time.



Chaos detection techniques

Å Based on the visualization of orbits

V Poincaré Surface of Section (PSS)

V the color and rotation (CR) method

V the 3D phase space slices (3PSS) technique 



Poincaré Surface of Section (PSS)
We can constrain the study of an N+1 

degree of freedom Hamiltonian system 

to a 2N-dimensional subspace of the 

general phase space. 

In  this sense an N+1 degree of freedom 

Hamiltonian system corresponds to a 

2N-dimensional symplectic map. Lieberman & Lichtenberg, 1992, Regular and Chaotic 

Dynamics, Springer.

Chaotic 

motion

Regular 

motion

The 2D Hénon-Heiles system:



The color and rotation (CR) method
For 3 degree of freedom Hamiltonian systems and 4 dimensional symplectic 

maps:

We consider the 3D projection of the PSS and use color to indicate the 4th 

dimension.

Katsanikas & Patsis, Int. J. Bif. Chaos (2011)



The 3D phase space slices (3PSS) 

technique
For 3 degree of freedom Hamiltonian systems and 4 dimensional symplectic 

maps:

We consider thin  3D phase space slices of the 4D phase space (e.g. |p2| Ò Ů) 

and present intersections of orbits with  these slices.

Richter et al., Phys. Rev. E (2014)



Chaos detection techniques

Å Based on the visualization of orbits

V Poincaré Surface of Section (PSS)

V the color and rotation (CR) method

V the 3D phase space slices (3PSS) technique 

Å Based on the numerical analysis of orbits

V Frequency Map Analysis

V 0-1 test



Frequency Map Analysis
Create Frequency Maps by computing the fundamental frequencies of orbits.

Regular motion: The computed frequencies do not vary in time

Chaotic motion: The computed frequencies vary in time

Papaphilippou & Laskar, Astron. Astrophys. (1998)

Steier et al., Phys. Rev. E (2002)



Chaos detection techniques

Å Based on the visualization of orbits

V Poincaré Surface of Section (PSS)

V the color and rotation (CR) method

V the 3D phase space slices (3PSS) technique 

Å Based on the numerical analysis of orbits

V Frequency Map Analysis

V 0-1 test

Å Chaos indicators based on the evolution of deviation vectors from 

a given orbit

V Maximum Lyapunov Exponent (MLE)

V Fast Lyapunov Indicator (FLI) and Orthogonal Fast Lyapunov 

Indicators (OFLI and OFLI2)  

V Mean Exponential Growth Factor of Nearby Orbits (MEGNO)

V Relative Lyapunov Indicator (RLI)

V Smaller ALignment  Index  ï  SALI

V Generalized ALignment  Index  ï  GALI



Maximum Lyapunov Exponent (MLE)

Roughly speaking, the MLE of a given orbit characterizes the mean exponential 

rate of divergence of trajectories surrounding it. 

Chaos: sensitive dependence on initial conditions. 

Consider an orbit in the 2N-dimensional phase space with initial condition x(0) 

and an initial deviation vector (small perturbation) from it  v(0). 

Then the mean exponential rate of divergence is: 
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The 

Smaller ALignment  Index  

(SALI) 

method



Definition of the SALI

We follow the evolution in time of two different  initial  

deviation vectors (v1(0), v2(0)), and define SALI  [S., J. 

Phys. A (2001) ï S. &  Manos, Lect. Notes Phys. (2016)] as:

When the two vectors become collinear

SALI(t) Ÿ 0 

SALI Ἴ ἵἱἶἾ Ἴ Ἶ Ἴ ȟἾ Ἴ Ἶ Ἴ
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Behavior of SALI for chaotic motion

For chaotic orbits the two initially  

different  deviation vectors tend to 

coincide with  the direction defined 

by the maximum Lyapunov 

exponent.
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Behavior of the SALI for chaotic motion
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We test the validity  of the approximation SALIᶿ▄ ⱦ ⱦ ◄ [S. et al., 
J. Phys. A (2004)] for  a chaotic orbit  of the 3D Hamiltonian

with ɤ1=1, ɤ2=1.4142, ɤ3=1.7321, ȼ=0.09

ⱦ Ȣ
slope=-(ɚ1-ɚ2)/ln(10)

ⱦ Ȣ



Behavior of SALI for regular motion

Regular motion occurs on a torus and two different  initial  

deviation vectors become tangent to the torus, generally  

having different  directions. 
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SALI ï Hénon-Heiles system

For E=1/8 we consider the orbits with  initial  conditions:

Regular orbit,  x=0, y=0.55, px=0.2417, py=0

Chaotic orbit,  x=0, y=-0.016, px=0.49974, py=0

Chaotic orbit, x=0, y=-0.01344, px=0.49982, py=0 

As an example, we consider the 2D Hénon-Heiles system:

╗ ▬● ▬◐ ● ◐ ●◐ ◐



SALI ï Hénon-Heiles system

y

py



Applications ï 2D map

1 1 2

2 2 1 2

x = x + x
  (m od 2 )

x = x  -  sin (x  + x )
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For ɜ=0.5 we consider the orbits:

regular orbit A with initial  conditions x1=2, x2=0.

chaotic orbit B with initial  conditions x1=3, x2=0.

S., J. Phys. A (2001)



Behavior of the SALI

2D maps

SALIŸ0 both for regular and chaotic orbits 

following, however, completely different  time rates which 

allows us to distinguish between the two cases. 

Hamiltonian flows and multidimensional maps

SALIŸ0 for chaotic orbits

SALIŸconstant Í 0 for regular orbits 



The 

Generalized ALignment  Indices  

(GALIs) 

method



Definition of the Generalized 

Alignment Index (GALI)
SALI  effectively measures the óareaô of the parallelogram 

formed by the two deviation vectors.
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In  the case of an N degree of freedom Hamiltonian system we 

follow the evolution of k deviation vectors with  2ÒkÒ2N, and 

define [S. et al., Physica D (2007)] the Generalized Alignment 

Index (GALI)  of order k:
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where

Definition of the Generalized 

Alignment Index (GALI)

Note that GALI 2 (k=2) is equivalent to the Smaller Alignment 

Index (SALI) .



Behavior of the GALIk

Chaotic motion: GALI k (2ÒkÒ2N) tends exponentially to zero 

with exponents which involve the values of the first  k largest 

Lyapunov exponents ɚ1, ɚ2, é, ɚk :
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Regular motion: When the motion occurs on an N-dimensional 
torus then the behavior of GALI k is given by [S. et al., Physica D 
(2007) ï S. et al., Eur . Phys. J. Sp. Top. (2008)]:



Behavior of the GALIk for chaotic motion

N particles Fermi-Pasta-Ulam-Tsingou (FPUT) system: 

with fixed boundary conditions, N=8 and ɓ=1.5.
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S. et al., Eur . Phys. J. Sp. Top. (2008)



Behavior of the GALIk for regular motion

N=8 FPUT system

S. et al., Eur . Phys. J. Sp. Top. (2008)



Global dynamics
Å GALI 2 (practically  equivalent to the use of SALI)

Å GALI N

Chaotic motion: GALI NŸ0 

(exponential decay)

Regular motion: 

GALI N  å constant Í 0

3D Hamiltonian

Subspace q3=p3=0, p2Ó0 for t=1000.

S. et al., Physica D (2007)



A time-dependent 

Hamiltonian system


